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PACS 52.65.Kj – Magnetohydrodynamic and ﬂuid equation
PACS 47.65.-d – Magnetohydrodynamics and electrohydrodynamics
Abstract – For the ﬁrst time, a direct numerical simulation of the incompressible, fully nonlinear,
magnetohydrodynamic (MHD) equations for the Von Ka´rma´n Sodium (VKS) experiment is pre-
sented with the two counter-rotating impellers realistically represented. Dynamo thresholds are
obtained for various magnetic permeabilities of the impellers and it is observed that the threshold
decreases as the magnetic permeability increases. Hydrodynamic results compare well with exper-
imental data in the same range of kinetic Reynolds numbers: at small impeller rotation frequency,
the ﬂow is steady; at larger frequency, the ﬂuctuating ﬂow is characterized by small scales and
helical vortices localized between the blades. MHD computations show that two distinct magnetic
families compete at small kinetic Reynolds number and these two families merge at larger kinetic
Reynolds number. In both cases, using ferromagnetic material for the impellers decreases the
dynamo threshold and enhances the axisymmetric component of the magnetic ﬁeld: the resulting
dynamo is a mostly axisymmetric axial dipole with an azimuthal component concentrated in the
impellers as observed in the VKS experiment.
Copyright c© EPLA, 2016
Introduction. – A century or so after it was sug-
gested by Larmor that magnetic fields observed in plan-
ets and stars could be generated by dynamo action, the
exact mechanism by which a fluid dynamo can be pro-
duced in astrophysical bodies is still largely an open prob-
lem. This question has resisted experimentation for a
long time, and it is only recently that fluid dynamos
have been obtained experimentally. There have been only
three successful experiments so far: the Riga [1] and the
Karlsruhe [2] experiments in 1999, and the Von Ka´rma´n
Sodium (VKS) experiment [3] in 2006. The observa-
tions made in these experiments have been very useful to
validate theoretical and numerical dynamo models. For
instance, the thresholds for dynamo action in the Riga
and the Karlsruhe experiments agreed well with calcula-
tions performed with simplified velocity fields and geome-
tries, and the observed magnetic field had the expected
spatial distribution. But the results from the VKS ex-
periment were somewhat surprising since dynamo action
could be observed only when at least one of the two ro-
tating impellers driving the flow had a high magnetic
permeability. Moreover, the magnetic field generated by
the device showed a strong axisymmetric component that
could not be predicted by simplified axisymmetric veloc-
ity fields and geometries. The latest observations in the
VKS experiment [4] clearly show that the high magnetic
permeability of the impellers is a key factor in the selec-
tion of the axisymmetric mode. The exact genesis of the
dynamo is not yet fully understood though. The main
motivation of the present letter is to present numerical
results of the hydrodynamic and magnetohydrodynamic
(MHD) regimes in the same geometry as the VKS exper-
iment that produced a magnetic field [3]. These results
open the way for further investigations of the dynamo
mechanism.
Experimental set-up. – In the following we do direct
numerical simulations of the flow driven by the TM73 im-
pellers (for Turbine Me´tallique, meaning Metal Impeller
in French) which were used in the 2006 experiment [3]
(see fig. 1). The fluid is liquid sodium heated at 120 ◦C.
The set-up uses two concentric cylindrical containers: one
of radius Rcyl = 206mm (with a very small thickness)
and another thick one, made of copper, of inner and outer
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(a) 2   Kinetic energy (b) Vorticity
Fig. 1: (Color online) Navier-Stokes simulations in the TM73
VKS conﬁguration at Re = 2500: (a) full scale for ||u||L2(Ω) =
2E(t), (b) partial scale for the vorticity ﬁeld ∇×u (total scale
is between 5 and 41).
radius Rin = 289mm and Rout = 330mm, respectively.
Both have a total height H = 412mm (we neglect the liq-
uid sodium behind the impellers). The impellers are com-
posed of two disks each supporting 8 blades. The disks
have a radius Rb = 155mm and thickness of 20mm. The
blades have an angle of curvature equal to 24◦, a height
of 41mm and a thickness of 5mm. The distance between
the inner faces of the disks is set to 370mm such that the
aspect ratio of the fluid is 370/206 = 1.8 as in the TM73
configuration used in [3] and the TM28 configuration that
has been numerically studied in [5] with a penalty method
similar to the one used in the present study. The liquid
sodium in the inner cylinder is pushed by the convex side
of the blades (called the unscooping sense of rotation or
(+) sense).
Numerical model. – To investigate the hydrody-
namic and MHD regimes of the above experimental set-up,
we use our own MHD code called SFEMaNS, which we
have been developing, testing and validating since 2002,
see [6–10]. This code uses a hybrid spatial discretiza-
tion mixing Fourier expansions and finite elements. In a
nutshell we use a Fourier decomposition in the azimuthal
direction such that the problem can be approximated inde-
pendently (modulo the computations of nonlinear terms)
for each Fourier mode in the meridian plane with continu-
ous P1-P2 Lagrange elements for the pressure and velocity
fields. For the magnetic part, the algorithm solves the
problem using the magnetic induction, b, in the conduct-
ing region (after standard elimination of the electric field)
and the scalar magnetic potential in the insulating exte-
rior. The fields in each region are approximated by using
H1-conforming Lagrange elements, with a technique to
enforce ∇ · b = 0 based on a penalty method involving
a negative Sobolev norm. This method has been proved
to converge under minimal regularity in [10–12] and has
been validated in [13], sect. 3.2, and [14–16]. The coupling
across the axisymmetric interfaces where the electric con-
ductivity or the magnetic permeability is discontinuous is
done by using an interior penalty method. SFEMaNS has
been thoroughly validated on numerous manufactured so-
lutions and against other MHD codes (see, e.g., [8,17]).
The reference length Lref is set to Rcyl. The domain
of computation for the fluid flow is Ω = {(r, θ, z) ∈
[0, 1] × [0, 2pi) × [−1, 1]} minus the volume occupied by
the moving impellers (disks and blades), henceforth de-
noted by Ωimp(t). We refer to [3] for an exact descrip-
tion of the blades. The computational domain for the
magnetic field is a larger cylinder composed of the union
of Ω, Ωimp(t) and Ωout, say Ω ∪ Ωimp(t) ∪ Ωout, with
Ωout = {(r, θ, z) ∈ [1, 1.6] × [0, 2pi) × [−1, 1]}. Denot-
ing by σ0 the electrical conductivity of the liquid sodium,
ρ its density, µ0 the magnetic permeability of vacuum,
the magnetic induction is made nondimensional by using
B = U
√
ρµ0 (with B and U = ωRcyl the reference mag-
netic induction and velocity, respectively, where ω is the
angular velocity of the impellers). Two governing param-
eters appear: Rm = µ0σ0R
2
cylω the magnetic Reynolds
number and Re = R
2
cylω/ν the kinetic Reynolds number
with ν the kinematic viscosity of the fluid. The nondimen-
sional MHD equations in Ω ∪ Ωimp(t) ∪ Ωout are
∂tu = −(∇× u)×u+ 1
Re
∆u−∇p+ f, (1)
∂tb = ∇× (u× b)− 1
Rm
∇×
(
1
σr
∇×
(
b
µr
))
, (2)
∇ · u = 0, (3)
∇ · b = 0, (4)
where u is the velocity field, b the induction field (with
the magnetic field h = b/µ0µr), p the pressure field, and
σr, µr are the relative conductivity and permeability of
the various materials in presence. The parameters σr, µr
are not constant since the walls and the impellers may
be composed of copper, steel or soft iron. Specifically we
take σr = 1 for {(r, θ, z) ∈ [1, 1.4] × [0, 2pi) × [−1, 1]} (as
for a stagnant lateral layer of liquid sodium) and σr = 4.5
for {(r, θ, z) ∈ [1.4, 1.6] × [0, 2pi) × [−1, 1]} (as for a lat-
eral copper wall). The Lorentz force f = (∇ × h)×b
couples the equations. We take u = 0 in Ωout. In the
impeller region Ωimp(t) we take u = −ωreθ in the top
impeller and u = ωreθ in the bottom impeller. The
no-slip boundary condition is enforced on u everywhere
at the boundary of the fluid domain. In particular, the
velocity is forced to be equal to ±ωr on the impellers.
This is done by using a prediction-correction method of
Guermond et al. [18] and a pseudo-penalty technique of
Pasquetti et al. [19]. In summary the Navier-Stokes equa-
tions are solved in the fluid region between the blades.
The magnetic permeability is µr = 1 in Ω ∪ Ωout, i.e.
in the liquid sodium and in the nonmoving solids. The
magnetic permeability in Ωimp(t) is modeled by a space-
dependent function. The local variation of µr within the
blades is designed to make the permeability maximum in-
side the blades and equal to 1 at the solid/fluid interface.
The maximum reached by the permeability field inside
the blades is henceforth denoted by µimpr . This method
has been thoroughly tested and validated against ana-
lytical solutions. Kinematic dynamo results have been
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Fig. 2: (Color online) Time evolution of the total kinetic energy
at diﬀerent Re.
satisfactorily compared with those computed with a three-
dimensional Maxwell code using edge finite elements [15].
Finally we impose perfect ferromagnetic boundary condi-
tions h×n = 0 on the outer boundaries of the container to
save some computing time. We have compared in [13] the
perfect ferromagnetic boundary condition and the vacuum
boundary condition in Ohmic decay situations in a geom-
etry similar to that of the VKS setting with flat disks in-
stead of blades (see sect. 4.1, figs. 4, 11(a) and conclusion).
Our key conclusion was that the outer boundary condi-
tions: “have only a slight influence on the decay rates [. . .].
This is surprising, insofar as pseudo vacuum boundary
conditions resemble the conditions that correspond to an
external material with infinite permeability. Neverthe-
less, the presence of high-permeability/conductivity disks
within the liquid hides the influence of outer boundary
conditions [. . .]”. Therefore we are confident that the re-
sults presented in the present letter are robust with respect
to the boundary condition imposed on the outer shell of
the vessel.
Hydrodynamic study. – We first perform hydrody-
namic computations by solving eqs. (1) and (3) in the
range Re ∈ [200, 2500] with the Lorentz force disabled,
i.e. f = 0. We will characterize the structure of the
flow by representations of the velocity field and by com-
puting various physical quantities as the kinetic energy
E(t) = 12‖u‖L2(Ω) = 12
∫
Ω
|u(r, t)|2dr. The time average
of a quantity f is denoted by f .
Figure 2 shows the time evolution of the kinetic en-
ergy: at Re = 200 the flow is steady, at Re = 500
the flow is marginally unsteady, and increasing further
Re leads to a fluctuating regime. Figure 3 shows the
time-averaged azimuthal spectra of the kinetic energy:
Em =
∫
Ω2D
fluid
pi|uˆ(r,m, z, t)|2rdrdz where uˆ(r,m, z, t) is the
m-th Fourier component of the velocity field u(r, θ, z, t)
and Ω2Dfluid is the meridian section of the fluid domain. The
maxima at m = 0 and m = 8 of the energy spectrum cor-
respond respectively to the large scale forcing induced by
the rotating disks and to the flow induced by the 8 ro-
tating blades. As expected the steady flow at Re = 200
is dominated by the m = 0 and m = 8 modes and their
(a) Re = 500 (b) Re = 2500
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Fig. 3: (Color online) Time-averaged spectra of the kinetic
energy as a function of the azimuthal mode.
harmonics (data not shown). At Re = 500 the flow is dom-
inated by the m = 0 and m = 2 modes: the azimuthal
shear layer near the equator acquires a wavy structure
with two co-rotating radial vortices as seen in [20]. The
spectrum in fig. 3(a) shows that all the even modes are
excited by the quadratic nonlinearity of the Navier-Stokes
equations. At higher Re numbers, the m = 1,2,3 modes
compete with a predominance of the m = 3 mode (and
still the m = 0 and 8 modes) as observed at high Reynolds
numbers (Re > 10
5) in [21]. These modes eventually pop-
ulate the entire spectrum by nonlinear interactions, and
the spectra are more continuous (see fig. 3(b)). Intense
helical vortices are generated between the blades as seen
in fig. 1 and first numerically evidenced by [5,22].
MHD results. – We now solve the full MHD system,
eqs. (1) to (4). The initial velocity field is the velocity
obtained at the end of the Navier-Stokes simulations with
Re = 500 or Re = 1500. The initial magnetic field is a
random initial seed. Various MHD runs are performed
for different values of the magnetic Reynolds number and
relative magnetic permeability of the impellers. Spatial
resolution and time steps are reported in table 1. The
computations have been done on a parallel machine, but
the cumulated amount of computing time used for the
simulations presented hereafter is about 5× 105 hours on
one processor.
The onset of dynamo action is monitored by record-
ing the time evolution of the magnetic energy in
the conducting domain, M(t) = 12
∫
Ω∪Ωout
h(r, t) ·
b(r, t)dr, as well as the modal energies Mm(t) =∫
Ω2D∪Ω2D
out
pi|hˆ(r,m, z, t)|2rdrdz. Linear dynamo action oc-
curs when Mm(t) or M(t) is an increasing function of time,
and nonlinear dynamo action takes place when the mag-
netic energies saturate.
We have seen that the flow at Re = 500 is characterized
by the predominance of the even modes for the velocity
field. Due to this azimuthal dependence, the eigenvalue
problem associated with eqs. (1)–(4) has two disconnected
families of magnetic eigenspaces generated by the even
and odd Fourier modes. We henceforth refer to these vec-
tor spaces as the 0-family and the 1-family, respectively.
Given any initial data for eqs. (1)–(4) with nonzero projec-
tion on the two families, time integration of the equations
65002-p3
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Table 1: Numerical parameters for the MHD computations:
kinetic Reynolds number Re, magnetic Reynolds number Rm,
relative magnetic permeability for impellers µimpr , mesh size in
the blade region hmin, mesh size at the outer boundary hmax
(the meridian mesh is nonuniform), number of Fourier modes,
number of processors.
Re 500 500 500 1500 1500
Rm [50, 300] – – – –
µimpr 5 50 100 5 50
∆t 2.5× 10−3 1.25×10−3 – – 10−3
hmin 2.5× 10−3 – – – –
hmax 10
−2 – – – –
modes 128 128 160 128 128
nprocs 64 64 160 64 192
(a) Rm = 50, µr
imp = 5 (b) Rm = 150, µr
imp = 5
(c) Rm = 50, µr
imp = 100 (d) Rm = 150, µr
imp = 100
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Fig. 4: (Color online) Time evolution of the modal magnetic
energies Mm(t) for m = 0, 1, 2, 3 at Re = 500 and for Rm = 50
or 150 and µimpr = 5 or 100 as indicated.
gives a magnetic field which is the superposition of the
leading eigenvectors in each family. A typical time evolu-
tion of the modal magnetic energy Mm for m = 0 to 3 and
for Rm = 50 and 150 at Re = 500 and µ
imp
r = 5 is shown
in fig. 4(a), (b). As expected the two families display two
distinct growth rates for each Rm. Note that the 1-family
is supercritical before the 0-family at Rm = 150. Linear
interpolation of the growth rates determines the critical
magnetic Reynolds number Rcm (i.e. when the growth
rate is zero), which we have reported in table 2.
Figure 5(a) shows the magnetic field at the final time
as reported in fig. 4(b). Note the parallel and anti-parallel
vectors near the vertical axis. We observe the expected
m = 1 eigenmode evidenced in kinematic dynamo com-
putations in [17] (see fig. 2(d) therein). This mode is
characterized by an equatorial dipole with two opposite
axial structures mainly localized in the bulk of the fluid.
Table 2: Magnetic thresholds for Re = 500: 0-f and 1-f indicate
the 0-family and 1-family, respectively.
µr R
c
m(0-f) R
c
m(1-f) P
c
m(0-f) P
c
m(1-f)
5 240± 5 147± 1 ≈ 0.48 ≈ 0.29
50 130± 2 138± 2 ≈ 0.26 ≈ 0.28
100 82± 2 144± 2 ≈ 0.16 ≈ 0.29
(a) µr
imp = 5 (b) µr
imp = 100
1
-1
Z
-1 1Y
1
-1
-1 1Y
Fig. 5: (Color online) Magnetic ﬁeld from full MHD simulations
in the TM73 VKS conﬁguration at Re = 500, Rm = 150 and
(a) µimpr = 5 (1-family) at the ﬁnal time of ﬁg. 4(b), (b) µ
imp
r =
100 (0-family) at the ﬁnal time of ﬁg. 4(d). Arrows represent
in-plane {hy, hz} vectors and color represents the out-of-plane
component hx (from blue to red: −2×10
−4 ≤ hx ≤ 2.5×10
−4,
−1.4 × 10−1 ≤ hx ≤ 1.4 × 10
−1, respectively). The cylinder
axis is indicated by a vertical arrow. Only the ﬂuid domain Ω
is represented.
Observing this structure at small Re is compatible with
the kinematic dynamo results previously published. Note
that the critical magnetic Prandtl number P cm for the 1-
family mode does not vary significantly with respect to
µimpr and it is always smaller than 1.
An estimate of the effective magnetic permeability of
the soft iron TM73 impellers used in [3] is µimpr ≈ 65 [23].
Therefore we vary the relative permeability of the im-
pellers. Increasing µimpr enhances the 0-family growth
rates (see fig. 4(c), (d)) and switches the ordering of
the thresholds. Note that the 1-family thresholds barely
change with µimpr , because the corresponding eigenmode is
localized mainly in the bulk, while the 0-family thresholds
vary dramatically, because the corresponding eigenmode
is characterized by an azimuthal magnetic component con-
centrated in the impellers and an axial dipole in the bulk
(see fig. 5(b) showing the saturated state).
At Re = 1500 the flow is more fluctuating and all
the velocity modes are coupled with a predominance of
the m = 0 and m = 3 modes. Therefore there is no
distinct magnetic family and the eigenmode is mainly
axisymmetric. Computations need more spatial resolu-
tion and CPU time (see table 1). We have tested two
relative permeabilities µimpr ∈ {5, 50} and found that the
threshold decreases with µimpr (see table 3). The modal
65002-p4
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Table 3: Magnetic thresholds for Re = 1500.
µr R
c
m P
c
m
5 130± 5 ≈ 0.09
50 90± 5 ≈ 0.06
(a) Rm = 50 (b) Rm = 100
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Fig. 6: (Color online) Time evolution of the modal magnetic
energies Mm(t) for m ∈ [0, 4] and for Rm = 50 and 100 at
Re = 1500 and µ
imp
r = 50.
(a) Instantaneous magnetic field (b) Time-averaged magnetic field
-1 1Y
1
-1
Z
-1 1Y
1
-1
Z
Fig. 7: (Color online) Magnetic ﬁeld from full MHD simulations
in the TM73 VKS conﬁguration in the saturated regime at
Re = 1500, Rm = 150 and µ
imp
r = 50. Arrows represent in-
plane {hy, hz} vectors and color represents the out-of-plane
component hx (from blue to red: −5.3 × 10
−2 ≤ hx ≤ 5.4 ×
10−2, −2.8 × 10−2 ≤ hx ≤ 3.1 × 10
−2, respectively). The
cylinder axis is indicated by a vertical arrow. Only the ﬂuid
domain Ω is represented.
magnetic energies for the m ∈ [0, 4] modes show that the
m = 0 and m = 3 magnetic modes are coupled as well
as m = 1 and m = 4 modes because of the predominance
of the m = 3 mode in the velocity field (see fig. 6) and
through the coupling via the electromotive term u × b.
An illustrative view of the mainly axisymmetric magnetic
field generated at saturation is displayed in fig. 7. The
radial component is odd with respect to z, whereas
the azimuthal and vertical components are even and of
opposite sign. These features are compatible with the
magnetic field measured at saturation in the experimental
dynamo regime obtained with two counter-rotating soft
iron impellers (see fig. 6(b) in [24]). Using a ferromagnetic
material decreases the dynamo threshold and enhances
the predominantly axisymmetric magnetic field.
Discussion and perspectives. – Our results show for
the first time that the ferromagnetic impellers are crucial
to obtain the predominantly axisymmetric dynamo mode
in a VKS configuration in a full-MHD model at moder-
ate kinetic Reynolds numbers. Increasing Re from 500
to 1500 decreases the dynamo threshold and a numerical
challenge would be to extend the range of Re in numerical
simulations. Different dynamo mechanisms have been
proposed or tested in this VKS set-up: an α-Ω dynamo
loop in [14,16,25,26], α2 or α2-Ω cycles in [22]. A future
study aiming at exploring the saturation regime and mea-
suring the helicity tensor is currently engaged to discrimi-
nate between these various scenarios. However extraction
of transport coefficients from DNS results is a highly non-
trivial undertaking (see, e.g., [27,28]).
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